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Abstract

In this paper, we investigate some identities between Weyl’s curvature tensor and conformal curvature
tensor C}kh . We first introduce the basic concepts of Weyl’s tensor W]‘kh and conformal tensor C}kh.
Then, we derive some identities between these two tensors. Finally, we apply these identities to some
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A

1. Introduction

Weyl’s tensor Wi, and conformal tensor Cf, are two
important geometric objects in differential geometry. They
are both used to study the curvature of spacetime. Weyl’s
tensor le}ch is a conformal invariant, which means that it is
invariant under conformal transformations. The conformal
tensor Cjy, is not a conformal invariant, but it is related to
Weyl’s tensor W}, by a simple formula.

In this paper, we investigate some identities between Weyl’s
tensor Wj-}}(h and conformal tensor Cj"kh . We first introduce

the basic concepts of Weyl’s curvature tensor and conformal

v

curvature tensor. Then, we derive some identities between
these two tensors. Finally, we apply these identities to some
examples. The concept of the three-dimensional of
Riemannian space with recurrent curvature was studied and
explored by Rund (1981).

In the context of recurrent Finsler spaces, the analysis of
generalized curvature tensors relies on the Berwald curvature
tensor, which has been discussed by Abdallah (2017), AL-
Qashbari (2020), and others (see references). Properties of the
curvature tensor ﬁch were investigated by Ahsan & Ali
(2014), Hadi (2016), Al-Qashbari and Qasem (2017), Abu-
Donia, Shenawy and Abdelhameed (2020), and others.
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A Generalized bi-recurrent, tri-recurrent in Finsler spaces,
and higher-orders recurrent spaces have been studied (see
references). Additionally, Ahsan and Ali (2014) studied
some of curvature tensors in the space-time for general
relativity. Pandey, Saxena, and Goswani (2011) investigated
complete Finsler spaces of a generalized H-recurrent space.
Decomposability of some tensors in recurrent Finsler spaces
has been a topic of research by Al-Qashbari (2020), Al-
Qashbari and AL-Maisary (2023) and others.
The metric tensor 9;; and B, (Berwald's connection
coefficients) G}'k are positively homogeneous of degree 0 in
directional arguments.
Two vectors y; and y* meet the following conditions
a) y; =gy and b)y,y' =F*,c) &y =y (L1)
The quantities g;; and g” are related by [11]
95 9" =8i' = {3 ,' zl]]: ll:tllcC '.

Tensor Cjj is known as (h)hv-torsion tensor defined by

(1.2)

Cijc = a gjx = aia,.ak F2. (1.3)
The (v)hv- tor5|on tensor €. and tensor Cijx are given by
a)C)y’ = Chy* =0 and
b)Cijk ' = Ciji ! = Cij y* = 0. (1.4)
Covariant derivative Bij" for Berwald’s (By) of any
tensor T/ w.r.t. x* is defined as
By T} = 0, T} — (0,T}) G +T] Gl — TG} (1.5)
The vector y* and metric function F are vanished identically
for Berwald’s covariant derivative.
a)B,F =0 and b)B,y' = 0. (1,6)
Metric tensor g;; is not equal to zero ( i.e. not vanish ),
defined by
Bigij = —2 Cijjgn Y" = =2 y" By Cijye. (1.7)
Tensor ﬁch , torsion tensor j‘}c and deviation tensor
W;' are defined by:

i

Wiin = Hign + L Hyp +
jien = Hjkn 0 Hink

yi
o +1)6 H[kh] +

(nz:) (nHjp + Hyj + y"0;Hp,
st .
- (nzil) (Tl ka + ij + yraijr)r (18)
yi st
[
I/V]Lk HJLk (n +1) H[jk] +2{ (nz_Jl) (Tl Hk] - yer] r) }
(1.9
and
W} = Hf —Hé§} - = +1> (0.H —9;H) y', (1,10)

respectively.

The tensors W, and W, give the following identities
Wjin ¥/ = Wy, and b) Wy, y/ = Wy, (1.11)

Also, if we suppose that the tensor Wji and W satisfy the

following identities

a) Wi =W, andb) W =Ww. (1.12)

The skew-symmetric in its indices k and h in the tensor
Wi

Cartan’s 3™ curvature tensor R}'kh, Ricci tensor Ry, the
vector H,, and scalar curvature H are defined as

AR}y, = r,;‘;ik + (%) Gh + Gl (Gl — GiiGR) +

F;llk Tejn (Fl ) G — lem(G;ZIlc - GirlrllGllc) +

mn ik
b) R}khy] Hip + ©) ky] ,

d Rixy“=R; , h) Ri=R,

e) Ry =Rpandf) Hiy'=Hl =(n—-1H (113
AL-Qashbari, and AL-Maisary have studied the generalized
W]-ikh of fourth orders recurrent in Finsler space and they
found it the following equation

BsBnBmBiWjrkn = @mnsCirken + brmns (grhg ik~
Gri9jn) = 2bimn Bry" (81Cits — 8:Cins ) 9ir
— 2Bsbim Bq)’q(5rizcjkn - 5Iiccjhn)9ir -
ZblmBq}’qu(fgrilekn - 5Iiccjhn)9ir2bszquBs
— 2ByB, b B,y (81.Cixm — 64Cinm)Gir —
2 B,byB,YP By (8} Citem — S1Cinm ) Gir —

ZBsszp}’an(fgfilekm - SIithm)gir -
2bB ¥ Bs By 8h Cikm — Sk Cjm ) Gir — 2

(Bs BB Be ¥ Cir)Wjien — 2 [ @s Wi + bs( 65 gji —

Sk gjn) | = 2(BsBrn By Cint)

[an VV}lkh + ba( 65 Jjr — 5k gjh) |

— 2(Bn Bt Y* Cirt )| @ns Wiien + bns(Sh gjxc —
5;1; Ijn )— 2bsB, yp((gfil Ciken — 511; Cinn )] -2

(Bs BBy Civt) [ am Wiien + b (849jk — 619jn )]

— 2(BuBe y* Cir)| @ims Wi, +bims (8191 —
8kgin) — 2bsBy y? (85, Ciem — Sk Cinm )]

—2(B; B y* Cir)| @mn VV]Lkh + by (85 gji —
8k jn )= 2bnBp ¥P (81Ciiem — 6k Cinm )|

—2( B, Y Ciry)| @ns VV]Lkh + bons (61 Gjk — 6k Gjn ) —
2byn By ¥ (8f, Cirs — Ok Cjps) — 2 Bsby B, yP
(5;.1 Cikn — 51& thn)_ 2b,, B, yP BS((S;.I Cikn — 511; thn)]
—2(Bs By B y* Covm)| s VV]lkh + by (85 gjic — 6k Gjn)]
— 2( BB, ¥ Cirm) |ass VV]lkh + b5 (89 —
6Iigjh)_ 2bB, }’p(5}il Cirr — 51fz Cint )] -2
(BsBey' Cirm)| ain VV]lkh + by (85 gji —
8k 9jn) — 2byBy, YP (84 ity — 6. Cipy )]

— 2( B, ¥* Cim )| @uns Wik + bins(6h gjic — Sk 9jn)
— 2by, Bg y? (8, Cis — Sk Cins)

— 2Bsb, By yP (8 Cjkn —

51i thn )_ 2b, B, yP Bs( 5;1 Cjkn - 6Iic thn)]
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—2(Bs By y' Cirn)| aim Wfkh + b (8% gk —
511; gjn )— 2by,B, yp(é‘fil Cirr — 51i Cin ) ] -
2(Be y' Cirn) = 2 by B, yq(a;.l Cira — 51i thz)
— 2B,bs B, yP (6}, Cixm —
8k Cinm )= 2 by B, yP By(6} Ciks — 6k Cins )|

= 2( By y" Cirs)|aimn Vijkh"' bimn (6% 9jx —

511; gjh) — 2bi By yq(5;i1 Cikn — 5li¢ thn)

— 2B,b; B, y* (8},Citem —
84 Cinm )—2 by BpY? By (8 Cixm — 61Cinm)]- (1.14)

2. Generalized -BW-Four- Recurrent Space

Our work in this paper we defined B,B,,B,,B; is covariant
derivative of 4" order, which is defined as
BBy B BiWjkn = @umns Wiikn + bumns (619 % — S9jn) —
2blmn Bq(é‘iizcjks - Sith) yq -2 blmqu(é‘}iCjkn -
5}i<thn) yq -2 blm Bqu (6}i1Cjkn - 6liccjhn) yq -
2 blns Bp( 6;'16‘]'km - 6Il'chhm) yq -2 blnBqu( 6;.16‘jkm -
5,i(thm) yq - 2blan‘Bq (dliC}km - 5lithm) yq -
2 byBsB, B, (6L Cixm — O£Cinm) Y. (2.1)
where BB,B,,B; is covariant differential operator of
Berwald’s of 4" orders w. r. t. x!, x™, x" and x°,
respectively, such that a;,,s and by,,s are not equal to
zero covariant vector fields.
Result 2.1. All a generalized BW -recurrent space is a
generalized BW -fourth recurrent space.
Definition 2. 1. A Finsler space of tensor ﬁm is called as
projective curvature tensor and is known as satisfies (2.1),
will be called a generalized-four recurrent space. We shall
call this Finsler space as a generalized BW -fourth-recurrent
space and we denoted by GBW-FRF,, .
Transvecting condition to a higher dimensional space (2.1)
by y/, using (1.1a), (1.4b), (1.6b) and (1.11a), we get
3an BB Wkih = Qimns Wkih + binns ( 6;1 Vi —
LY. (2.2)
Again, transvecting condition to a higher dimensional space
(2.2) by y*, using (1.1b), (1.2), (1.6b) and (1.11b), we get
B, BnB; Wii = Qimns Wii + binns ( 6}11 F? =Y, yi ). (23)
Therefore, the proof of theorem is completed, we can
say
Theorem 2.1. In GBW-FRF,,, covariant derivative for
Berwald of fourth order for torsion tensor Wy, and
deviation tensor W are given by (2.2) and (2.3).
Contracting the index space by summing over i and h in the
conditions (2.2) and (2.3), using (1.1b), (1.2), (1.12a) and
(1.12b), we get
Bn BB Wi = imns Wi + (n — 1) by yk (2.4)
and

ByBn BB W = Qunns W + (= 1) bynns F2. (2.5)
From conditions (2.4) and (2.5), we show that the curvature
vector W, and the curvature scalar W cannot equal to zero
because if the vanishing of any one of these would imply
Amns = 0 and by, = 0, that is a contradiction.

So the proof of theorem is completed, we can say
Theorem 2.2. In GBW-FRF,, the vector W, and the
scalar W in equations (2.4) and (2.5), are non-vanishing,
respectively.

3. Wely’s Curvature Tensor and Conformal
Curvature Tensor

Some properties of Wj’}m curvature tensor were proposed by
Ahsan and Ali [1] in (2014).

For (n=4) a Riemannian space, Weyl defined the

conformal curvature tensor Cj,, often known as the Weyl
conformal curvature tensor, as

Wikn = Cjxn +3 (gjnRi — 61 Ry) + E((Slt’, Rjp —
gijZ)‘Fg(fSﬁgjk—&cgjh) . (3.1)
The curvature tensor C}'kh, torsion tensor C}'k, Ricci tensor
Cjx, curvature vector C, and scalar curvature C are
satisfying:

a) C}kh y/ =Chp, b) Chpy*=Ch, © C}ki = (j

d C,,=C, and e C'=cC. (3.2)
The divergence of j’}(h projective curvature tensor in terms
four orders (Berwald’s covariant derivative) of (3.1), w. r. t.

xt, x™, x™and x%, successively, of projective curvature
tensor may be written as

BB BmBi Wjin = BsBn BBy Cjien +
~By B BBy (gnRl — 54 Rye)
+2B,B, BBy (5 Rin — gju R} ) +
2 B,By BBy (04 Gjic — S Ijn)- (3.3)
So that from equations (2.1) and (3.3), we get
B, B, BB, Ch +§ BB, BB, (gjn Ry — 6L Ry ) +
2 BB, B,y B, (8 Ry — gju RL) + = BBy BBy
(8 9jk — 6k 9jn) = Amns (lekh + % (gjnRk — 6LRjx) +
2(8iRm — gpRY) +5 (Bhgy —Shgp)) +
blmns( 5;'1 Ijk — 51i gjh) = 2 byun By yr(S;:l Ciks —
51i ths) — 2 Bshyy, B, yq( 5;1 Cjkn - 5}; thn) -
2 by, B, qus((sfil Cikn — 51fz thn) -2 Banbpryp
(85 Cixm — 6% Cinm) — 2 BubyB,yPBs (85, Cixm — 61 Cinm)
— 2 BsbyB,yP B, (84 Cikm — Ok Cinm) —
2 b;B, ¥ Bs By( 6} Citom — 6k Cinm )~ (3.4)
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Which can be written as
ByBy BBy Clin = Gumns Gl + 5 Qumns(Gn Rl —
SLRjx ) + Z Qs (OF Rjn — 9k RE) + galmns( 8L gjk —
8k gjn) + bimns( 6L 9k — 61 Gjn ) — bunn Br Y7 (8}, Cjks —
511; ths) — 2Bsbim B, yq( 5;‘1 Cikn — 5li¢ thn) -
2 by B, yB; (5111 Cikn — 51i C}hn) - ZBanszp}’p
(5;; Cikem — 5;; thm) -2 'Bnszpysz(aril Cikem — 51i thm)
— 2Bb; B,y By (8}, Ciom = Sk Cjnm) —
2 byBq ¥7B, By (6} Cim — 6% Cjtm) — 5 BsBuBim

B, ( gjn Rk — 84 Ryt) — = BBy BBy (6} Ry —
ik Rh) = = BoByBwB, (81 g =Sk gpm)-  (35)
Or, we can write as

ByBBmBi Clin = Umns Cjkn + bumns (519jk — 64gjn) —
2 bymn B yr(arizcjks - 51&@'}15) — 2Bsby, B, ya

(5;'1 Cikn — 51i thn) —2bpy B, y1B; (5;1 Cikn — 51i thn)
— 2ByB, b B,y (8, Cixm — OF Cinm) —
2 B,bB,yP By (8}, Cixm — Sk Cinm)
— 2Byb,Byy? By (6% Cirom — 6% Cjam) —
2b/B,; y'Bs By (5;1 Cikm — 511; Cinm )
— = ByB, BB, (gnRk — 64 Ry)

2 BB, BBy ( Sk Rji — gy RE) — = BBy (84 g
L} gjn) + % Aymns (gthfc -8 Rjk) + % almns( 8 R, —
G RE) + = Qs (O Gjie = Sk gjn) - (3.6)
This shows that
BB, BB, C}kh = Qmns Cjikh + bimns(6L9jx — 6Ii(gjh) -
2 bynn Bry" (5}16}1(5 - 51ichhs) — 2Bs b Bq yq( 5;.1 Cjkn -
511; thn) —2bpm B, qus(dfiz Cikn — 5lic thn)
— 2 B;By by B,y (6 Cjtom — 6k Cjpm) —
2 B,bB,yP By (8}, Citem — Sk Cinm)
— 2Bb B,y By (8}, Com = Sk Cjnm) —
2 b;B,y BB, (6}, Citem — Sk Cinm) - (3.7)
If and only if
= BB, BBy (gjnRE — Sk Rji) + = BsByBBy (8 Ry —
G Rh) + = BoByBwBy (8 gy — 61 gjn) =
% Amns (gjnRE — 8k Rjx) + g Qs (85 Gjk — Ok Gjn)-
(3.8)

In conclusion the proof of theorem is completed, we can
determine
Theorem 3.1. In GBW-FRF,, conformal curvature
tensor Cj"kh is a generalized fourth recurrent Finsler space if
the condition (3.8) holds good.
Transvecting condition (3.6) by y/, using (3.2a), (1.6b),
(1.1a), (1.4b) and (1.13c), we get

ByBnBi Cin = Qimns Chn + bimns ( 8k vk — Ok }’h) -

~ BBy BBy (Y Rl — 84 Hye) — BB BBy

(8kHn = YiR}) = = BeBu B B8 vic — Sk yn) +
%almns(th}ic — 8hHy) + g pmns ( 8k Hn = Y RR) +
2 Qpns ( Sk Vi = Sk Vn) - (3.9)
This shows that

By B BB Cin = Qs Cin + bumns ( 8k Yie = 6k Yn )-

(3.10)
If and only if

. . 5 .

BanBmBl (yh Rllc - 5;1 Hk) + § BanBmBl ( Sllc Hh -

. R . .
YR ) + 3 BsBnBmB, (v = Okyn) =

. . 5 . .
almns( Yn Rllc - 6}11 Hk) + § Aimns ( 5;( Hh — Yk R;1)
R . .

+ 3 almns(6;1 Ve — 6;( yh) . (3-11)
The proof of theorem is completed, we conclude
Theorem 3.2. In GBW-FRF,, the covariant derivative of
the fourth orders for the torsion tensor C}, (Conformal
curvature tensor }kh) is a generalized 4" recurrent Finsler
space if the condition (3.11) holds good.
Transvecting (3.9) by y*, using (n = 4), (3.2b), (1.6b),
(1.1b), (1.1c) and (1.13f), we get
BanBmBleil = almnscriz + blmns (6}1.11:2 —Yn yi) -
EBanBmBl( Yh Rllc yk -3 6}111'1) - ngBanBl (yth -

. R . . 1 .
FZR;I.) - EBanBmBl ( 6;1 F2 —Yn yl) + Ealmns(yh Rllc yk -

3 6;11']) + Zalmns(yiHh - FZR;I.) + %almns (6;1 FZ —Yn yi)-
(3.12)
This shows that
ByB,BB, CIL; = Qimns Cli1 + bimns (5}1.1F2 —Yn yk) .
(3.13)
If and only if
BnBmB, (6K R, =381 H ) = Qumns (KR, —368LH ) ;
BsB,BnB, (yiHh —F? Rh) = Qumns (yiHh - FZRiiz)
(3.14)
and
BB, BB, R(é‘;z F? — Yn yi) = almnsR((Siiz F? — Yn yi)-
Thus, the proof of theorem is completed, we conclude
Theorem 3.3. In GBW-FRF,,, the covariant derivative of
the fourth orders for the projective deviation tensor C} is
a generalized 4" recurrent Finsler space if the tensors
(6K RL — (n—1)8\H), (y'H, — F?R},) and R(§LF? —
yny') are recurrent Finsler space of fourth orders.
Contracting the indices i and h in the equations (3.6), (3.9)

and (3.12), using (3.2c), (3.2d), (3.2e), (1.2), (1.1a), (1.1b),
(1.13h) and (1.1c), in view of ( 3.2c), (3.2d) and (3.2e), we
get

B.BnB; Cjk = Qimns Cjk + (n — Dbymns Ijk

Liludy) 5 Lipkll o glall xaldaals ddas
University of Lahej Journal of Applied Sciences and Humanities



Some Identities Between Wely’s Curvature Tensor and Conformal Curvature Tensor

Page 5 of 9

—2(7’l - 1) blmn ‘BryTCjks -2 (Tl - 1)Bs blm Bq qujkn -
2 (Tl - 1)blm Bq yq Bscjkn - Z(Tl - 1)Bnbpr yszC}km -
2 (n = 1)B,b; Bpy?ByCjiom — 2(n — 1)Bsb, B, yP By, Cjtom —
1 .
Z(Tl - 1)bl Bq yq BanCjkm - EBanBmBl (gjiRllc -
5 R
N Rj) == BsByBmB (Rix — gjx R)— £ BsByBmB, (n —
1 i 5
1) gjk + Ealmns (gjiRllc -n Rjk) + galmns (Rjk - gij)

R
+ 5 (Tl - 1) Qimns Gjk - (315)
This shows that
BanBmBl Cjk = Qimns Cjk + (Tl - 1)blmns Ijk — Z(Tl -
1) blmn Bryrcjks - 2(1’1 - 1)Bs blm Bq qujkn - Z(Tl -
1)blm Bq yq Bscjkn - Z(TL - 1)Bnbpr prjkm - Z(n -
1)B,b; B, y? By — 2(n — 1) Bsb; B, yP By, Cjrom — 2(n —
1) bl Bq yq BS Bankm . (316)
If and only if
1 5
> BsBy BB, (gjnRi — 1 Rjx) + = BBy BBy (Rjx —
R 1 i
ik R) +ngBanBz m—1)gj = 7 Uimns (gjiR;c -
5 R
n Rjk) + 2 Amns (Rjk - gij) +3 (m —1) apmns Gjk
(3.17)
BB BB Cx = Qymns Cic + (0 — Dbpypps Vi —
1 i 5
EBanBmBl (yiRllc —-n Hk) _ngBanBl (Hk - Yk R )
R 1 i
_ngBanBl (Tl - 1) Vi + zalmns (YiRk —-n Hk)
5 R
+ 2@ pnns(Hie = Y R) + 2 (0 = 1) @y yic - (3.18)
This shows that
BsBnBm B Cx = Qunns Cic (1 — 1) biypps Vi - (3.19)
If and only if
5
B, BB, (yuRE —n Hy) + 3BsBuByB (H — yx R) +
R
ngBanBl (Tl - 1) Yk = almns(Yh er(l -n Hk)
5 R
+§almns(Hk — Yk R) + g(n - 1) Qimns Yk - (320)
In the last
BB, C = Qs C + bymns(n — 1)F2 -
EBanBmBl (Yi Rllc yk - 3nH) - EBSBanBl (ylHi -
R .
FZR) - (Tl - 1)EBanBmBl + %almns(yi Rllc yk - 3TlH)
5 .
+ galmns (ylHi - FZR) + (n - 1)§almns FZ. (3-21)
This shows that
BanBl C = almns C + + blmns(n - 1)F2 . (322)
If and only if
BanBmBl( Vi Rllc yk - 3nH) + ngBanBl( ylHi -
FZR) +(n— 1)§BanBmBl F? = almns()’i Rlic yk -
3MH) + % Quns (v H; = F2R) + (= 1) % Qs F2.
(3.23)
In conclusion the proof of theorem is completed, we get

Theorem 3.4. In GBW-FRF,, , Ricci tensor Cj; , vector Cy
and scalar C are givenin (3.16), (3.19) and (3.22) if and only
if the conditions (3.17), (3.20) and (3.23) are holds good,
respectively.

The tensor Cj,, for a V, by the formula [1]; is defined as
1
Rjrin = Cjricn + 5 (9jxRen + grn Rix + gjnRjx —
R
GjnRex — Gri Rin ) + ° (9jn 9k — Gjx Grn ). (3:24)
(3.24)

It is known that the associate tensor Cartan’s third
tensor Rj,., and the associate tensor W;j,, are connected

by

Wirkn = Rjrin + % (gjk Ry — grkth)- (3.25)
Compensate for the relationship (3.24) in (3.25), we get
Wirkn = Cirien + % (gijrh + grn Rjk + gjnRjx —
9jn Rk — 9rx th)( 9jn 9rk — Gjk Grn) t+ % (gjk Ry —
Irk th) . (3.26)
Taking the covariant derivative of four orders of (3.26), w.
r.t.xt, x™,x™ and x5, successively, we get the following

condition:
BanBl Verkh = BanBmBl erkh +

iBanBmBz (9jxRen + 9rnRik + gjnRik — Gjn Rrk
—gri Rin) + SBszanBz (9jn Grk — Gjk Grn) +

ngBanBz (gjxRrn — grkRjn) - (3.27)

Using the conditions (1.14) and (3.26) in (3.27), we get
+ %BanBmﬂl (9jk Ren + Grn Rix + 9jn Rix

R
—gri Rin) + S BsBnBm B, (gjn Gric — Gjk Grn)

— gjn Rk

1
+ §BanBmBl (gijrh - grkth)

1
= Qs (Cirn + 5 @jkRen + grnRjic + gjnRjic =
R
9jnRyic = GricRjn) + (9jnGric — 9jxGrn)

%(gjk Rop — 9rk th)) + bunns(Grn Gjx — Grk Gjn) —
2bimn Bryr((sfil Ciks — 6liccjhs )gir — 2Bsby, quq
(8rGjkn — 6k Cinn) Gir = 2bimBqy "By (81 Cjien. = SiCjnn ) Gir
- ZBanbpr)’p (5iilcjkm - 8liccjhm)gir -
2 Bnszpysz(5riijkm - 6Iichhm)gir - ZBsbpryan
(84Cjrm — 6kCirm)gir — 2b1Bq ¥ Bs By (8}, Cem —
8k Cinm ) 9ir — 2(BsBnBp By Y- Cir)) Wi

2(By B B Y* Cirt) [ a5 Wiien + bs( 84 gjxc — 6k gjn) |

= 2(BsBw Be ¥* Cirt )| an Wiien + bu( 81 gjic = 8 gjn) |

LYy Tkl o glall ] daals e
University of Lahej Journal of Applied Sciences and Humanities



Page 6 of 9

Al-Qashbari, A. M. A. and AL-Maisary, A. A. M.

— 2(Bp B y' Cir)| ans Wﬁch + bns (85 gji —
511; Gjn )— 2bsBy, yp(é‘fil Ciken — 51i Cinn )]
—2(BsBy By Cir) [ am jl;ch + b (859 — 619;n )]
= 2(BaB. ¥* Cir)| @ms Wjien, +bms (819 —
5licgjh) — 2bsBy yp(5;i1 Cirem — 51i Cinm )]
—2(Bs B,y Cor)| amn jfkh + b (6% 9 —
8k gjn )= 23 By ¥P (8rCjkm — 8kCjnm )]
= 2(B: y" Ciry)| amns Wﬁch + bons (81 Gjk — 6k Gjn ) —
2byn By ¥ (8), Cires — Of. Cjns) — 2 Bsby, By yP
(512 Cikn — 511; thn)_ 2by, By yP B (5111 Cikn — 5li¢ thn)]
— 2(Bs B, B ' Cirm)| Wfkh + by (85 gji — 6k gjn)]
= 2(Bn B Y Cirm)|ais Wﬁch + bis(81.9k —
8kgin)— 2bsBy yP (8}, Cjia — 6k Cina )]
—2(Bs B, y' Cirm)| ain VV]Lkh + by, (64 9k —
Sk gjh) — 2b,By yp(5}i1 Cira — 8 Gini )]
—2(By' Ciym )[ Qins Wﬁch + bzns(5ﬁ gjx — 8 gjh) -
2by, B, ye (5111 Ciks — 511; ths) — 2Bb, B, yP (5;1 Cikn —
8k Gjnn )= 2b; By y? Bs( 81, Cien — S Cjnn) ]
— 2(Bs B;y" Civn)| tim Wiien + bim (6h g —
Sk Gjn )— 2b,, By, yp(é‘fil Gyt — 8 Cint ) ]
— 2(Be ¥" Cirn )| @ims Wik + bims (8% g — 6k gjn ) —
2 byys By 1 — 2B,bs B, ¥ (8}, Cikm — 6k Cinm )
— 2( B Y" Cirs ) @tmn Wjicn+ bimn (8% gk — 6k gjn ) —
2by, By y1 (5;1 Cikn — 51ic thn) — 2B,b B, y*
(aiilcjkm - Slicjhm )_2 b, B,y? Bn((srilcjkm - 51ithm)]-
(3.28)
Or can be written as
BsByBmBiCjrkn = QymnsC jrkh+blmns(grhg ik —
Gridjn) = 2bimnBry" (8L Ciks — 85 Cins) Gir
— 2Bbyn By ¥ (8L Cikn — 84Cinn) gir —
Zblmququ(5fiijkn - 51ichhn)gir
— 2BB,bB,y* (5fizcjkm - 6Ii(thm)gir -
ZBnbprysz(sfiLCjkm - 51ichhm)gir
— 2Bsb,By? B (84 Cikm — 6 Cinm ) gir —
2 byBy ¥ By By( 81, Citam — Sk Cinm ) Gir
—2(BsBy B Be ¥ Cort) Wi
2 (BpBm Bey" Cir)| as Wiy, + bs( 84 gjc — 8k gjn )]
— 2 (BsBm B ¥ Cirt )| @n Wjien + bn( 85 g — 6k gy )]
— 2 (BB Y' Cort)| tns Wi + bus( 85 gji —
8 Gijn )_ 2 bsBy )’p( 8, Cien — Sk Cinn )]
—2(BsB, B,y Ciri) [ am le}ch+ bm(8L9jk — 6kgjn )]
— 2(BuB: ¥ Cirt) [@ms Wien, +bums(8hgj1c =
8kgjn) = 2 bsBy YP (8% Cjiom — Sk Cjrum )]

—2(Bs B,y Cov)| jéch + b (6L gji —
(Sllc djn )_ 2 anp yp(é*’tl Cjkm - 5;( thm )]

-2 (Bt yt Cirl )[ Amns M/]Lkh + bmns (5;1 gjk -
6}lcgjh) -2 bman yq (5;1 Cjks - 6}@ ths)
— 2Bsby, Bp yp ( 6}11 Cjkn -
6}{ thn) —2 bm Bp yp Bs (6;1 Cjkn - 6}2 thn)]

— 2(BsBn Bt ¥* Cirm )| @w Wiien+ bu(85 gjic — 6k gjn )]
-2 Bn Bt yt Cirm[ Qs M/]lkh + bls((siilgjk -
8cgin)— 2 bsB, yP (84 ity — 85 Ciny )]
- Z(Bs Btyt Cirm)[ Ain VV]Lkh + bln ( 5;1 gjk -
8k gjn) — 2 byB, P (8} Ciry — 81 Ciny )]
-2 (Btyt Cirm)[alns M/]Lkh + blns (5;1 gjk - 5}@ gjh) -
2 bln Bq yq (6;1 Cjks - 612 ths) - 2stbl Bp yp

(8h Cikn = Sk Cjnn ) — 2 by By yP Bs(( 8 Cen —
6;( thn )] - Z(Bs Btyt Cirn)[ Am M/]lkh + blm ( 6;1 gjk -
Sk gjh)_ 2byB, yp( Sh, Cjra — Ok Cju )]

-2 (Btyt Cirn)[alms Vl/}lkh + blms(diil Ijk — 611; gjh) -
2 bys By ¥ (8} Cipy — 81 Cjpy) — 2 b,y B, yP By
(6;1 Cjks - 6;( ths )] - Z(Bt yt Cirs )[ Aimn VV]Lkh +
blmn (6;1 gjk - 6}2 gjh) -2 blmBq yq (6;1 Cjkn -
é‘llc thn) - ZBnbl Bp yp( 6}1lcjkm - 6Il<thm)

i i 1

=2 bl prp Bn(a;zcjkm - 6Ilchhm)] - EBanBmBl

(9jiRen + Grn Rix+9jnRjx — 9jn Rric — Gric Rin)
R
— 5 BsBuBnBi (9ingrc — 9jx9rn ) — (9jRen — GriRin)

+ ialmns( 9jk Ren + Grn Rix + 9jnRjxk — gjn Ree —
Grie Rin ) + almnsg (9jnGrk — Gjx Grn ) +
%almns (9jxRen — Gric Rin ) - (3.29)
This shows that
BsBnBmBiCjrkn = UmnsCirkntbimns (grhg ik — 9rrd jh) -
2bimnBry" (5;15}'1(5 - 6}ith5)gir — 2Bsbim Bq y (&icjkn -
5;ic}hn) Yir — Zblmququ((Siiijkn - 6lithn)gir
(84Cjrm — 6k Cinm)Gir — 2BnbyByy” Bs (81 Cem —
8kCinm)Gir = 2BsbiBpYPBu(83Cjiem — Sk Cjnm ) Gir
~2b;B4y? Bs By (8}, Giom = 84 Ginm) Gir-~ (3:30)
If and only if
2(BsBy B B: ¥* Cirt) Wiien) +
2( BBy Be ¥ Ciri )| as Wint bs(8n gjic — 8k gjn )]
+2 (BsBn B, ¥* Cirt)| an Wiin + bn(8h9jx — 6kgjn)]
+2 (B Be ¥ Cirt )| @ns Wiien + brs (61 g —
6ligjh)_ 2bB, }’p( 5;'1 Cikn — 511; Cinn )]
+2(B; B B, ¥* Ciri )| am Wiien+ b (819 — 8kgjn )]
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+2(ByB. ¥* Cirt) [ams Wiien +bms (819 —
5licgjh) —2bsB, yp(é‘fil Cikem — 5% Cinm )]
+2 (Bs By Cirt )| @mn Wjicn + bmn( 85 g1 —
8k Gjn )— 2 byB, ¥P (85, Citem — Sk Cinm)]
+2 (B y' Cir)| @mns jl;ch + byns (61 gjx —
8k Gjn ) = 2 by Bq ¢ (84 Cjes — 8k Cins) —
2 Bshm By Y7 (8}, Ciien —
8k Gjnn) = 2 b By ¥P Bs(8h Cien — Sk G|
+2 (Bs By By ¥* Cirm )| @1 Wi+ by (85 9jxc — 8k gjn )]
+2Bn By " Cirm| s Wiien + bis (81950 —
5licgjh)_ 2 bsB,, yp( 5;; Cira — 5li¢ Gini )]
+2 (BB y* Cirm)[ A Wﬁch + bln( 8k gjk —
Sk gjh) —2b,B, }’p( 8 Cir — 8 Cint )]
+2 (B y* Cirm)[ Qins VV]lkh + bins (5;1 Jjk — 5k gjh) -
2 by, B, v (5}11 Ciks — 511; ths) — 2Bb; B, yP
(8% Cjin = Ok Ginn) = 2 by By yP By (8, Cen — i Cjn )]
+2 (Bs By Cirn)| aim Wiien, + bym (6h gy —
Sk gjh)_ 2by,By y* (6;1 Gyt — 8 Gini )]
+2 (B y" Cipn)| @ims Wi, + buns(8k 9jic = 6k gjn ) —
2 byns B ¥7 (8h Cjra — 8k Cjt)

- ZBlbsBp yp(6ii1 Cjkm_6lic thm) - meBp yp Bl(&i Cjks -

Slic ths )] + 2 (Bt yt Cirs )[ Aimn Vl/ﬁch + blmn(alil gjk -
Sllcgjh) -2 blm Bq yq(aill Cjkn - 5;( thn) -
2 Byb Bp yp ( Sizcjkm - 6Ilchhm) —2b prp B,
. . 1
(5;16‘]'km - Sliccjhm )] + E BanBmBl (gijrh + Irn Rjk
R
+9jnRix — 9jn Rer — Gric Rin) + = BsBnBn By (gjngri —
1
9jxGrn) + 3 BsBnBm By (9jxRrn — grkRjn) —
1
5 Qmns( Gjk Ren + Grn Rik + 9jnRic — 9jn Rrie —
R
Grie Rin ) = Qumns < (9jn9rk — Gjk Grn)
1
— 3 Umns (9jx Ren — gricRin ) = 0. (3.31)
Thus, the proof of theorem is completed, we get

Theorem 3.5. In GBW-FRF,,, associate tensor

Cjrrn (Conformal curvature tensor Cjikh) is a generalized
fourth recurrent Finsler space if the condition (3.31) holds
good.

4. Conclusions and Recommendations

A generalized BW-fourth recurrent space in Finsler space
is satisfied in condition (2.1).

In GBW-FRF,, , B-covariant derivatives of the fourth orders
for torsion tensor W}, and deviation tensor W are given
by (2.2) and (2.3).

In GBW-FRF, , the condition of being necessary and
sufficient for the conformal tensor C]-"kh is a generalized

fourth recurrent if the equation (3.8) holds. In GBW-FRF,, ,
Ricci tensor Cj, is a generalized fourth recurrent if the
equation (3.17) holds. In GBW-FRF, , the associate
curvature tensor Cj,p, is a generalized 4™ recurrent if the
condition (3.31) holds good.

The authors argue that further study and advancement in a
generalized BW- fifth recurrent Finsler spaces is necessary
and tie it in with Finsler space's distinctive space features.
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