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Abstract

In this paper, we investigate some identities for the expansion curvature tensor T in Finsler spaces, T is an important
geometric object in Finsler spaces. These identities provide valuable insights about the geometric properties of Finsler
spaces which can be used to derive new results in Finsler geometry. Also, we investigate some identities between
Riemannian Curvature Tensor and some others curvature tensors by using Berwald covariant derivative.
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1. Introduction

Finsler geometry, a generalization of Riemannian curvature invariants and to gain a more comprehensive
geometry, offers a powerful framework for studying spaces understanding of the curvature properties of Finsler spaces.
with anisotropic properties. This paper delves into the Moreover, the results obtained in this paper have potential
intricate world of Finsler spaces, focusing on the identities applications in various fields, including physics,
governing the expansion of curvature tensors. By engineering, and computer science. For instance, Finsler
examining these identities, we aim to shed light on the geometry has been employed in the formulation of
geometric and algebraic structures inherent in Finsler relativistic theories of gravity and in the development of
geometry. The study of curvature tensors in Finsler spaces novel materials with anisotropic properties. Curvature
is of paramount importance due to their role in tensors are an important in differential geometry, from these
characterizing the intrinsic curvature of these spaces. These curvature tensors are Riemannian Curvature Tensor R{ljk,
tensors encapsulate information about the deviation of Weylprojective curvature tensor Vl/i;'lks M-projective

geodesics and the parallel transport of vectors. By
investigating the expansion identities for curvature tensors,
we seek to uncover deeper connections between the various

curvature tensor Wi;‘k, conformal curvature tensor Cgk,

conharmonic curvature tensor L’L-ljk, concircular curvature
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tensor Mi'}k and P;-Curvature tensor. The Riemannian
curvature tensor R{‘jk was invented by Riemannian in 1854
in his Habilitation vortrag "Ueber die Hypothesen, welche
der Geometric zuGrundeliegen". The conformal curvature
tensor Ci’}k which has been discussed by Wely (1918),
another important curvature tensor that has many
applications of differential geometry.

The concept of the three-dimensional of Riemannian
space with recurrent curvature was studied and explored by
Rund (1981). In the context of recurrent Finsler spaces, the
analysis of generalized curvature tensors relies on the
Berwald curvature tensor, which has been discussed by
Abdallah (2017), AL-Qashbari (2020) and others.
Properties of the curvature tensor I/I/}-‘}chwere investigated by
Ahsan & Ali (2014), Hadi (2016), Al-Qashbariand Qasem
(2017), Abu-Donia, Shenawy and Abdelhameed (2020) and
others. Chagpar, Pokhariyal and Moindi (2021)
introducedP; -Curvature tensor, Musavvir Ali, Naeem
Ahmed Pundeer and Mohammad Salman (2022) studied
some properties of M-projective curvature tensor in
spacetime of general relatively.

The derivative B,, T]-i for Berwald’s (B,,,) of any tensor T]-i,
w.r. t. x™ is defined as

BT = 0T} — (0,T})G + T/ Gy — T Gl (1.1)
The vector y* and metric function F are vanished identically
for Berwald’s covariant derivative, i.e.
(@ B,F=0 and (b) B,y ' =0. (1.2)
Masao Hahiguchi and Yoshihiro Ichijyo (1977) discussed
that the metric tensor g;; is not equal to zero (i.e. not vanish)
for Berwald’s covariant derivative

Bigij = —2 Cijign Y" = =2 " B Cijic - (1.3)
The quantities g;; and g/ are related by
@ aoh=st={o i iz |
b g9y¥ =y . (1.4)
Covariant derivative of B,,6F vanished identically for

and

Berwald’s covariant derivative.

B 6F=0. (1.5)
Covariant derivative of B, R;; of Ricci tensor R;; given by

Also, Covariant derivative of B,, , we have

(@)  BnSKRij = Ay Rij

(b)  Bngij Rl = Amgij RE;

(¢) BmRE:gij = AnR6}gi; and

(d) BnRR;; = AnRR;j . (1.7)
A large number of researchers have presented the

following identities in their works (see Al-Qashbari and Al-
Maisary (2024), Musavvir Ali, Mohammad Salman, Zafar

Ahsan and Sezgin Altay Demirbag (2023), Roopa and
Narasimhamurthy (2017) and Yano (1957).

Ciy' =0. (1.8)
Cije = i(akaia,ﬂ). (1.9)
0,y =1. (1.10)
(@ yjy/ =F> and (b) 8y’ =y, (1.11)
O ¥j = Gjic- (1.12)

Derivative for Berwald’s (B,,) of the tensors T/}, , Tjz and

TP, w.r.t. x™ aredefined as
BTl = AnTijic + m (88915 — 8 guc) - (1.13)
BTk = AmTjk + tm(8kY; — 8!'v1c) - (1.14)
B TH = 1, T + ty(n — 1) F2. (1.15)

2. Preliminaries

There is a relationship between any two curvature tensors in
Finsler geometry, this relationship is showed by a
mathematical identity, here we will discuss the relationship
between Riemann curvature tensor and the following
curvature tensors:

2.1. Weyl Projective Curvature Tensor Wg-k

The Weyl projective curvature tensor is a geometric object
used to describe the curvature of a spacetime or, more
generally, a pseudo-Riemannian manifold. It is closely
related to the Riemann curvature tensor, but it is invariant
under conformal transformations, which means that it does
not change if the metric of the manifold is multiplied by a
non-zero function. This makes the Weyl projective curvature
tensor a useful tool for studying the geometry of spacetime,
as the metric of spacetime is often not known exactly.

The Weyl projective curvature tensor is also closely
related to the Cotton tensor. The Cotton tensor is a measure
of the shear of the curvature, and it is zero if and only if the
spacetime is conformally flat. This means that the Weyl
projective curvature tensor is zero if and only if the spacetime
is locally isometric to flat spacetime.

Definition 2.1. The Riemannian curvature tensor in terms of

Weyl projective curvature tensor Wi;’k is defined as

Musavvir Ali, Nacem Ahmad and Mohammad Salman
(2022) and Zafar and Musavvir (2013).

1
Rl = Wi + = (6ERy — 8/'Rac) - 2.1
In (V,, F), we have
1
Wi = Rl — - (8¢ Ry — 8/'Ruc) - 22)

The tensors W]‘kh and Wjﬁ( give the following identities
Q) Wipy =Wgy and b) Wiyl =wi . (23)
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2.2. Projective Curvature Tensor Wl,k
The W-projective curvature tensor is a geometric object
introduced in differential geometry. It generalizes the
projective curvature tensor and the conharmonic curvature
tensor. It has been studied in a variety of contexts, including
Riemannian geometry, Kéhler geometry, and cosmology.

The properties of an M-projective curvature tensor
were proposed by Pokhariyal and Mishra in (1971). This
tensor is described as follows

VT/(XYZT)zﬁ(XYZT)
S0, g (K, T) = S(X, g (¥, T)
+9(Y,Z2)SX, T) —g(X, T)S(Y,2)]. 2.4)
Where: W(X,Y,Z,T) = g(W(X,Y)Z,T) and
R(X,Y,Z,T) = g(R(X,Y)Z,T) .
R is the Riemann curvature tensor, S is the Ricci tensor, g
is the metric tensor, n is the dimension of the manifold.

The W-projective curvature tensor has a number of
interesting properties. For example, it is invariant under
conformal transformations. This means that it is the same
for two metrics that are conformally equivalent. The W-
projective curvature tensor also vanishes if and only if the
manifold is Ricci-flat.

The W -projective curvature tensor has been used to
study a variety of geometric problems. For example, it has
been used to classify Riemannian manifolds, to study the
geometry of Kéhler manifolds, and to develop new models
of gravity. The local coordinates expression of equation
(2.4) as follows

7 1

Wi = Rigjie — m[Rij ik — Rij G

+9ij R — 91j R | - (2.5)
Assuming n = 4 in equation (2.5) and contracting with g'*

by using (1.4a) the M-projective curvature tensor is given
by

Wl]k l]k (5k ij SJhRik
+9i; R — g R} " . (2.6)

2.3. Conformal Curvature Tensor Cuk
The conformal curvature tensor, also known as the Weyl
curvature tensor, is a geometric object introduced in
differential geometry. It is a measure of the curvature of
spacetime or, more generally, a pseudo-Riemannian
manifold. Like the Riemann curvature tensor, the Weyl
tensor expresses the tidal force that a body feels when
moving along a geodesic.

The Weyl tensor differs from the Riemann curvature tensor
in that it does not convey information on how the volume of
the body changes, but rather only how the shape of the body
is distorted by the tidal force.

Definition 2.2. The Conformal curvature tensor C i’]l-k
expressed as follows Zafar and Musavvir (2013)
1
Clix = Rl = ;(5]'hRik — 8¢ Rij + Rl gu — R gy)

1
—=R(946¢ — gucd}") - 2.7)

2.4. Conharmonic Curvature Tensor L”k
The conharmonic curvature tensor is a geometric object
introduced in differential geometry. It generalizes the
projective curvature tensor and the conformal curvature
tensor. It has been studied in a variety of contexts, including

Riemannian geometry, Kidhler geometry, and cosmology.

Deﬁnition 2.3. For V, the Conharmonic curvature tensor
L x defined as Ishii (1957) and Siddiqui and Ahsan (2010)

ho
Luk l.]k (gl] Rk + 6k ij
—68]' R — Gu R]-) . (2.8)
Where: R ik 1s the Riemann curvature tensor and RI is the
torsion tensor.

2.5. Concircular Curvature Tensor M” ijk
The concircular curvature tensor is a geometric object
introduced in differential geometry. It is a measure of the
curvature of spacetime or, more generally, a pseudo-
Riemannian manifold. It is closely related to the conformal
curvature tensor (also known as the Weyl curvature tensor)
and the projective curvature tensor. The concircular
curvature tensor vanishes if and only if the manifold is

concircularly flat.

Definition 2.4. The Concircular curvature tensor M;; , for
V, is defined as Ahsan and Siddiqui (2009)

1
My;jie = Rpiji — ER(gijghk — GixGnj) - (2.9)
Also
My = Ry = —=R(9i;68 — gucS)') - (2.10)

2.6. P;-Curvature Tensor

The P;-curvature tensor is a geometric object introduced in
differential geometry. It is a measure of the curvature of
spacetime or, more generally, a pseudo-Riemannian
manifold. It is closely related to the Ricci curvature tensor
and the scalar curvature. The Pi-curvature tensor vanishes
if and only if the manifold is Ricci-flat and has constant
scalar curvature. The tensor P; (X, Y, Z, T) has been defined
by (Pokhariyal 1973)
P(X,Y,Z,T)=R(X,Y,Z,T)

—gX,2)Ric(Y,T) + g(X,T)Ric(Y,Z). (2.11)
We consider the P; -curvature tensor in the index notation as
Chagpar, Pokhariyal and Moindi (2021)
1
Pryjie = Ruije + 55755 [ 9ij Rnk — Gire Rnj
—gnj Ric + gnic Rij] - (2.12)
This can be written as

— 1 h h
Pl =Rl + Z(n_l)[gink_gikRj

4LaiY) g Lapaill o glall sead Zaals dlas
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— &Ry + 8¢ Ryj] (2.13)
In (V,, F),, we get

Plljk = Rl]k [gij R;cl — Yik R]h

— 6 Ry + SRy . (2.14)

3. Expansion Curvatures Tensors in Finale Space

The expansion curvature tensor T is a geometric object
introduced in Finsler geometry. It is a measure of the
curvature of a Finsler manifold, which is a generalization of

a Riemannian manifold. The expansion curvature tensor is
closely related to the Riemann curvature tensor and the
Berwald curvature tensor. It vanishes if and only if the Finsler
manifold is flat. We introduced the generalized by Berwald
covariant derivative f3,, for any tensor T;* ijk Was given by see
Al-Qashbari and Al-Maisary (2024).

ﬁmTi]k A l]k + /"'m((sllclgij - aj'hgl:k) ' (3~1)
We can write (1 13) by the follows form

ﬁmTi’}k = Tl]k + /"'m((sllclgij - aj'hgl:k)

+¥m[RE(0) = R}'(0)] -
From (1. 8) the above equation can be written as

B‘m ijk = Tuk + .um((sliclgij - 6]'hgik)

+ Vi [REChijy" — R]hchikyh] . (3.2)
Using (1. 9) in (3 2), we get

B‘m ijk = Tuk + .um((sliclgij - 6]'hgik)

+Zym[Rk 0;0,0;F*y" — R}'0,,0;0,F2y"]. (3.3)
Applying (1.10) on (3.3), we get

ﬁmTi’}k = Tl]k + /"'m((sllclgij - aj'hgl:k)

1 . .

+2Vm [RE0;0;F? — RI'0,,0,F?] .
From (1.11a) the above equation can be written as

ﬁmTi’}k = Tl]k + /"'m((sllclgij - aj'hgl:k)

1 . . .

+ZVm[Ri¢l ajaiy yi— R}lakaiylyi] . 3.4
Applying (1 10) again on (3.4), we get

B‘m jk — /1 uk + :u'm((skglj 6]'hgik)

+Zym[Rkajyi —R; POy .
From (1. 12) we have

B‘m ijk — /1 uk + :u'm((skglj 6]'hgik)

+Zym[ngij —R; "G - (3.5
From the previous steps, we can conclude the following
theorem:
Theorem 3.1. The expansion of (1.13) is given by (3.5).

The dimensionality of many curvatures tensors operators
will be extended in accordance with theorem 3.1.

4. Investigating the Expansion by Identities
Mathematical identities are equations that are always true,
regardless of the values of the variables involved. They can

be used to simplify expressions, solve equations, and prove
theorems. We investigated the expansion of Berwald
covariant derivative for any curvature tensor that was given
in (3.5), i.e.
B‘m ijk — =1 Rl.]k + .um((sk gl} 6]'hgik)
+Zym[ngij —R; " gir] - 4.1)
We suppose that (4.1) holds to investigate the following
identities
4-1. By tack away Berwald covariant derivative for (2.2), we
have

.Bm i k .BmRL jk — :Bm((sl’clRL - a'hRik) . (42)
j j 9
Using (1. 7a) and (4.1) in (4.2), we get
BmW, uk =1 RZk + ﬂm(5liclgij - 5'hgik)

+ZYm[ngL] R glk] m(‘s - 6]'hRik)-
This gives
ﬁmWi’;k = ’1 [ ijk — ((SllclRL] 5h lk)]

+ (87 9i; — 6; "gu) + ZVm[ngij —R; "G (4.3)
By using (2.2) in (4 3), we have
BnWihe = Wik + tm (8% 91 — 6 9uxc)
1
+Zym[R;clgij —R; "gir] - 4.4
From the previous steps, we can conclude the following
theorem
Theorem 4.1: The expansion derivative for Berwald of
Weyl projective curvature tensor W, L]k (2.2) satisfies the
equation (4.4).
Transvecting condition to a higher dimensional space (4.4)
by y*, using (1.2b), (2.3a) and (1.4b), we get
B Wi = AmWji + (8% 5 — 6/'vi)
1
+ 3 ¥ml Rk vy = R ] )
Again, transvecting condition to a higher dimensional space
(4.5) by y’, using (1.2b), (2.3b), (1.11a) and (1.11b), we get
BuWit = AWy + o (88 F2 = 8]'y)
1
+Zym[R,’§ F?—R!'y,] . (4.6)
Therefore, the proof of theorem is completed, we can
say
Theorem 4.2. In covariant derivative for Berwald of
fourth order for torsion tensoriW;.,, and deviation tensor W,
are given by (4.5) and (4.6).
4-2. Tack away Berwald covariant derivative for (2.6), we
have

B‘m L]k .Bm ijk Bm((slhR]k - 6I}clR]l
+ kR — guRY) - 4.7)
Using (1.7a), (1.7b) and (4.1) in (4.7), we get
3sz5'lk = AmRiljk + ﬂm(alilgij - 5jhgik)
1
+Zym[R;clgij - R}lgik]
1
—g/lm(fsthjk — 8tRj, + gjxR' — g;iRE) -
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This can be written as

B‘m l.]k [ ijk — (5 R]k _8’}61le
+9k R — guRY)| + Mm(5kgij —8'gix)
+¥m[REGi; — R gac] (4.8)

From (2.6) and (4.8), we have
BmWL;lk - /1 uk + ﬂm(6lftlgij - 6]'hgik)
+Zym[ngij —R'gi | - 4.9)
So, the proof of theorem is completed, we can say
Theorem 4.3. The expansion derivative for Berwald of
projective curvature tensor
(4.9).
4-3. Tack away Berwald covariant derivative for (2.7),
we have

1
:BmCLJk .Ble]k + Eﬁm(SJhRik - SI?Rij + thgik -
Rlgij) + gﬁm(gijfszlf - 9ik5jh) . (4.10)
Using (1.7a), (1.7b), (1.7¢) and (4.1) in (4.10), we get
.BmCL]k AmR{ljk + ﬂm(alilgij - 5jhgik)
+ Zym[leclgij - R}lgik]
1
+ ;lm((?thik — 8fR;j + R'gi — RILgij)
1
+ glmR(giijz’cl - 9ik5jh)-
Or, we can write as
1
BmCliy = Am [thjk + E((thRik — 8¢Ri; + Rl g —
Rigij) + gR(gij‘SI}cl - 9ik5jh)]
1
+um (895 — 5jhgik) + Zym[RI’clgij - R}lgik]- (4.11)
By using (2.7) in (4.11), we have
BmCi’]l'k = AmCi’]l'k + .um((sliclgij - 6]'hgik)
1
+Zym[RI}clgij - R]hgik] . 4.12)
In conclusion the proof of theorem is completed, we

can determine
Theorem 4.4. The expansion derivative for Berwald of

W/ (2.6) satisfies the equation

Conformal curvature tensor C}* Tk (2.7) satisfies the equation
(4.12).

4-4. Tack away Berwald covariant derivative for (2.8),

we have

B‘m ijk — Bm ijk B‘m(gl]RI}cl + 61{51le - 6]'hRik -
0uRl) @13

Using (1.7a), (1.7b), (4.1) in (4.13), we get
.Ble]k AmRthk + :um((sllclgij - 5]"191'1{)
+Zym[RI}clgij - R]hgik]

1
_;Am(ginzfcl + 8¢Ri; — 8 Ry — gikR]h) .

Or can be written as
B‘m jk — /1 [ ijk —
gikR]h)] + (689 — 6/ 9uc)

1
+Zym[R;clgij - R}lgik] . (4.14)
From (2.8) and (4.14), we get

(ginz}cl + 8¢Rij — 8 Ry —

B‘m ijk — =1 Ll.]k + :um(5 g]k 6'hgik)
+Zym[ngij —R; " gir] - (4.15)
Thus, the proof of theorem is completed, we get
Theorem 4.5. The expansion derivative for Berwald of
Conharmonic curvature tensor L’L-ljk (2.8) satisfies the
equation (4.15).
4-5. Tack away Berwald covariant derivative for (2.10),
we have

B‘m l]k Bm ijk 12 [R(glj(slicl _gik6]h)] . (416)
Using (1.7a), (1.7b), (1.7¢), (4.1) and (4.16), we get
:Bli]k A RL]k + /"'m((sllclgij - ahgik)
+Zym[ngij R; glk] [R(guak 9ik5jh)] :
Or can be written as
:Bli]k A [Ruk
1
+um (81 gi; — 6; "gi) + ZVm[R;clgij -
From (2.10) and (4.17), we have
BuMPy = A My + 1 (88 915 — 6/ girc)
+Zym[ngij - R}lgik] . (4.18)
In conclusion the proof of theorem is completed, we can
determine

Theorem 4.6. The expansion derivative for Berwald of
(2.10) satisfies the

R(gijfsl’cl - gik5jh)]
Rl'gix - (4.17)

Concircular curvature tensor Muk

equation (4.18).
4-6. Tack away Berwald covariant derivative for (2.14), we
have

1
.Bmplhijk .BmRL]k + gﬁm(gin;cl - gikR}l -
8!'Ryc + 6fRyj) (4.19)
From (1.7a), (1.7b), (4.1) and (4.19), we get
B‘mPlhi}-k = AmRthk + ﬂm(‘sliclgij - 6]'hgik)
1
+Zym[Rl}clgij — R'gu]
1
+=Am(9i;RE — gu R} =
Or can be written as
1
,3mP1hl-jk =n [R{ljk + g(gin;cl — gicR}' — 8]' Ry +
51’?&;‘)] + (87 9i; — 5jhgik)
1
+Zym[Rl}clgij - R]hgik] . (4.20)
By using (2.14) in (4.20), we have
1
+Zym[Rl}clgij —Rl'gu] - (4.21)
The proof of theorem is completed, we conclude
Theorem 5.7. The expansion derivative for Berwald of P;-

8'Ry + 61Ry;) -

curvature tensor Plhl.}.k (2.14) satisfies the equation (4.21).

Conclusion

In this paper, we have conducted a thorough investigation
of the expansion identities for curvature tensors in Finsler
spaces. By employing a combination of geometric and
algebraic techniques, we have derived a set of new and
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insightful results that contribute to the existing body of
knowledge in Finsler geometry.

Our findings reveal that the expansion identities for
curvature tensors are intimately connected to the
fundamental geometric structures of Finsler spaces, such as
the Cartan connection and the Berwald connection.
Moreover, these identities provide valuable tools for
analyzing the curvature properties of specific classes of
Finsler spaces, such as Randers spaces and Finsler spaces
of constant curvature.
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